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Abstract—In this paper, the controllability and observability of
linear time-invariant uncertain systems are investigated. The systems under consideration contain time-invariant uncertain parameters that may take arbitrarily large values. In such a situation, the
locations of uncertain parameters in system matrices play an important role. We examine the permissible locations of uncertain parameters in system matrices for a linear uncertain system to be controllable and observable independently of the bounds of the uncertain parameters. The objective of this paper is to show that a linear
uncertain system is controllable and observable, irrespective of the
bounds of uncertain parameters, if and only if the system has a particular configuration called a complete generalized antisymmetric
stepwise configuration (CGASC). Furthermore, the dual configuration of a CGASC is introduced and studied here.
Index Terms—Controllability, linear systems, observability, robust control, uncertain systems.

I. INTRODUCTION
N this paper, we examine the control problem for uncertain
systems because almost every system contains some uncertainty. It is useful to classify the existing results on the robust
control problem of uncertain systems into two categories. The
first category includes several results that provide conditions depending on the bounds of uncertain parameters. On the other
hand, the second category includes results that provide conditions that are independent of the bounds of uncertain parameters but dependent on their locations in system matrices. In this
paper, we specifically address the second category.
Stabilizability is a particularly important concept in control
theory. Stabilizability conditions in the first category are often
used to determine the permissible bounds of uncertain parameters for the stabilization of uncertain systems. When uncertain
parameters exceed particular values, guidelines for designing
the controller are usually lacking in the first category. On the
other hand, stabilizability conditions in the second category [1]
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can be verified simply by examining the locations of uncertain parameters in given system matrices. Once a system satisfies the stabilizability conditions, a stabilizing controller can
be constructed, however large the given bounds of uncertain parameters might be. Moreover, we can redesign the controller to
improve robustness simply by modifying the design parameter
when uncertain parameters exceed the particular bounds given
beforehand.
Focusing on the second category, Wei introduced a particular
geometric configuration called an antisymmetric stepwise configuration (ASC) [2] or a generalized antisymmetric stepwise
configuration (GASC) [3], and proved that a linear time-varying
or time-invariant uncertain system is stabilizable via linear control, independently of the given bounds of uncertain parameters,
if and only if the system has an ASC or a GASC, respectively.
Controllability is also an important concept in control theory
[4]. Recently, the problem of the robust controllability of uncertain systems has been studied [5]–[17]. The system under consideration in [5]–[8] is of the form with system matrices having
sign-invariant intervals, which is called a linear sign-invariant
interval system. For such a system, attention has been focused
on the cases of a single-input system [5], a descriptor system
[6], [7], and a multi-input system [8]. For time-varying uncertain systems with bounded uncertain parameters, robust controllability was investigated in [9]–[17]. However, all the aforementioned results [5]–[17] belong to the first category. This means
that all the conditions presented in those papers for robust controllability depend on the bounds of uncertain parameters.
On the other hand, there are a few reports [18], [19] on the robust controllability problem in the second category. The concept
of controllability invariance has been introduced and studied in
[18], [19], which means that a linear uncertain system is controllable regardless of the bounds of uncertain parameters. The condition for controllability invariance of a time-varying uncertain
system was derived in [18]. However, the robust controllability
condition in [18] is much stricter than the condition of the GASC
with respect to the permissible locations of uncertain parameters
in system matrices. For a time-invariant uncertain system, it was
shown in [19] that the system is controllability-invariant if and
only if the system has a GASC. Consequently, we found that robust stabilizability is equivalent to controllability invariance for
a certain class of linear time-invariant uncertain systems. Note
that the definition of controllability invariance [19] is different
from that of structural controllability [20]–[23].
It is usual that the state variables of systems are measured
through outputs, hence, only limited parts of the state variables

can be used directly. It is well known that observability plays a
crucial role in the stabilization of systems with limited measurable state variables [24]. Recently, the notation for the observability of a class of uncertain systems has been introduced and
studied in [25]–[27]. The uncertainties considered in [25], [26]
and [27] are time-varying parameters and stochastic parameters,
respectively. Since these parameters are assumed to be bounded,
the conditions obtained in [25]–[27] depend on the bounds of
uncertain parameters and belong to the first category. To the best
of the authors’ knowledge, the condition for robust observability
in the second category has not yet been derived. Therefore, in
this paper, we determine the permissible locations of uncertain
parameters in system matrices for a linear uncertain system to
be controllable and observable independently of the bounds of
uncertain parameters, i.e., so-called controllability and observability invariance.
The objective of this paper is to derive a necessary and sufficient condition of controllability and observability invariance
for a class of linear time-invariant uncertain systems. For this
purpose, we first consider the conditions that must be satisfied
for a controllability-invariant system to also be observabilityinvariant. It is shown here that a system with a GASC must
have at least two outputs to be observability-invariant. For this
reason, we focus on a class of systems consisting of one input
and two outputs. Then, we propose a novel configuration called
a complete generalized antisymmetric stepwise configuration
(CGASC), which includes the GASC. The CGASC shown here
consists of one input and two outputs, while a GASC consists
of only one input. It is shown here that a linear uncertain system
is controllability- and observability-invariant if and only if the
system has a CGASC.
Furthermore, we discuss the controllability and observability
of systems consisting of two inputs and one output. We also
introduce a dual complete generalized antisymmetric stepwise
configuration (DCGASC), and show that a system with two
inputs and one output is controllability- and observability-invariant if and only if the system has a DCGASC. The results
obtained here show that the configuration of permissible locations of uncertain parameters has an interesting antisymmetric
form between the CGASC and the DCGASC.
This paper is organized as follows. Some notation and system
definitions are given in Section II. The fundamental lemmas
leading to the main result are provided in Section III. The
main results are given in Section IV. An illustrative example
is presented in Section V. Some concluding remarks are given
in Section VI. The proofs of some results are given in the
appendices.
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Let the set of systems whose every entry is be denoted by
. The transpose and determinant of
are denoted by
and
, respectively.
Now, we introduce the concept of controllability invariance,
defined in [19].
Definition 1: A set of systems is said to be controllabilityinvariant if all the systems in the set are controllable. This means
that a set of systems is controllability-invariant if all the systems
in the set satisfy
(2)
It is seen from Definition 1 that a linear uncertain system
is controllability-invariant if the system is controllable for any
fixed values of uncertain parameters. Note that the controllability invariance is independent of the bounds of uncertain parameters.
It is obvious that a system must have at least one control input
. It was
for its controllability. We first assume that
shown in [3] that a necessary condition for a set of systems to
satisfy condition (2) is that there should be nonzero entries in
all the rows and in at least columns of the matrix
defined as

II. SYSTEM DEFINITIONS
We consider a linear time-invariant uncertain system that is a
set of systems described by the state equation
(1)
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Next, we introduce a generalized antisymmetric stepwise configuration, defined in [3].
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Definition 4, it is apparent that if a set of systems is observability-invariant, then there must exist nonzero entries in all the
columns and in at least rows of the matrix
defined as

(5)

has a GASC, then all the systems in
are also said to
If
have a GASC. The set of all systems having a GASC is denoted
. An example of
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by
in the upper part of the superdiagonal -entries
entry
and
), all the entries enclosed by the solid
(
line are equal to zero by condition (i) of Definition 3 (
for all
,
, and
). Furthermore, condition
(ii) of Definition 3 is used to determine the configurations of the
uncertain entries surrounded by the dashed line.

Next, we define observability invariance as well as controllability invariance.
Definition 4: A set of systems is said to be observabilityinvariant if all the systems in the set are observable. This means
that a set of systems is observability-invariant if all the systems
in the set satisfy
(7)
It is seen that a linear uncertain system is observability-invariant
if the system is observable for any fixed values of uncertain parameters. Note that the observability invariance is also independent of the bounds of uncertain parameters.
It is clear that a system must have at least one output for its
observability. We firstly assume that
. According to

Hence, we also focus on the standard system defined below for
.
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III. FUNDAMENTAL LEMMAS
In this section, we provide the preliminary lemmas used in
deriving the main results. A necessary and sufficient condition
for a standard system
to be controllability-invariant was
proved in [19].
Lemma 1 ([19]): A standard system
is controllabilityinvariant if and only if
has a GASC, where a GASC is given
by Definition 3.
Next, we consider the conditions that must be satisfied for
a standard system
to be observability-invariant. In the following, we show the necessary conditions under which a standard system
is observability-invariant.
Lemma 2: If a standard system
is observability-invariant,
then all the following conditions must hold:
(i) If
and
, then
.
(ii) If
and
, then
for all
,
, and
.
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, where
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Proof: The proof is given in Appendix A.
As is shown in (11), if there is an entry
in the upper
part of the diagonal -entries (
and
), then the
entry enclosed by the solid line is equal to zero by condition (i)
of Lemma 2 (
); moreover, by condition (ii) of Lemma

2(
for all
,
, and
), all the
entries surrounded by the dashed line are equal to zero

to be
,
, and
, because
must have at least one input and two outputs to be controllability- and observability-invariant. Then, we introduce below a
standard system for a set of systems with one input and two outputs.
Definition 6: Let
and
be defined as
(16)

It is apparent from (6) that, for a system in
, the entries
enclosed by the dashed line in (11) are not necessarily equal
to zero. It is important to note that condition (ii) of Lemma
2 is additional to the conditions of Definition 3. Comparing
(6) with (11), we see that a system having a GASC cannot
be observability-invariant under the assumption of one output
(
). This property makes the observability invariance
problem nontrivial.
Next, we consider how the output coefficient matrix must
be constructed for
to be observability-invariant. We then
give the necessary conditions under which
is observabilityinvariant.
Lemma 3: Let denote the lowest row that contains a nonzero
uncertain entry in the upper part of the -entries. If
is observability-invariant, then all the following conditions hold.
(i) If
, then
must contain both the row
vectors given by
(12)
(13)
, then must contain the row vector given
(ii) If
by (12).
(iii) If
, then must contain the row vector given by
(14).
(14)
Proof: The proof is given in Appendix B.
In the case of
, at least two outputs
are necessary for
to be observability-invariant. For
this reason, we assume
in the subsequent discussion.
We thus write as
(15)
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(17)

(18)
Next, we introduce a key configuration to lead to the main result,
i.e., Theorem 1.
Definition 7: A standard system
is said to have a complete
generalized antisymmetric stepwise configuration (CGASC) if
all the following conditions hold.
(i) If
and
, then
and
for
all
,
, and
.
(ii)
.
(iii) For
, if
,
then

An example of a CGASC is shown below. If there is an entry
in the upper part of the diagonal -entries (
and
), all the entries enclosed by the solid line are equal to
zero by condition (i) of Definition 7 (
and
for
all
,
, and
). In addition, condition (ii)
of Definition 7 determines the configurations of the uncertain
entries surrounded by the dashed line. Furthermore, by condition (iii) of Definition 7, the location of the nonzero entry in
the row vector
is fixed

IV. MAIN RESULTS
It is seen from Lemma 2 that all the permissible locations of
for a set of systems to be controllability-invariant are not necessarily allowable for the set of systems with one output to be
observability-invariant. That means the observability invariance
of
might be lost under the assumption of
with only one
output. It is also seen from Lemma 3 that
must contain at
least two outputs to be observability-invariant. The objective of
this paper is to reveal a synthesized configuration that includes a
GASC for controllability and observability invariance. Toward
this objective, the system coefficient matrices are assumed here

Now, we state the main result.
Theorem 1: A standard system
servability-invariant if and only if
CGASC is given by Definition 7.

is controllability- and obhas a CGASC, where a

Proof: Note that
,
, and
correspond to
,
, and
, respectively. Neglecting the condition on and
noting the relation between and , we see that the conditions of the CGASC are equivalent to those of the GASC except for
in condition (i) of Definition 7. In fact, it was
shown in [19] that
is also a necessary condition, and
that this condition can be included in condition (ii) of Definition
is controlla3. Therefore, it is apparent from Lemma 1 that
bility-invariant if and only if
has a CGASC.
On the other hand, noting the relation between and , we
see from Lemma 2 that conditions (i) and (ii) in Theorem 1 are
to be observability-invariant. Furthermore, benecessary for
cause
must have a GASC to ensure controllability invariance, it follows from Lemma 3 that condition (iii) of Theorem 1
is necessary for
to be observability-invariant. Consequently,
it is apparent that if
is observability-invariant, then all the
conditions in Theorem 1 must be satisfied.
To complete the proof of Theorem 1, it remains to be shown
that if all the conditions in Theorem 1 are satisfied, then
is observability-invariant. The sufficiency of Theorem 1 for observability invariance is given in Appendix C.
So far, we have focused on a class of systems with one input
and two outputs. Noting that there is an imbalance between the
dimensions of the input and output, we also examine here the
controllability and observability for a class of systems with two
inputs and one output. In the subsequent discussion, we assume
,
, and
.
Let
be given by
..
.

Definition 8: Let
be defined by

..
.

and
for all
,
, and
). In addition, condition (ii) of Definition 9 determines the
configurations of the uncertain entries surrounded by the dashed
line. Furthermore, by condition (iii) of Definition 9, the location
of the nonzero entry in the vector
is fixed
(

Corollary 1: A standard system
is controllability- and
observability-invariant if and only if
has a DCGASC, where
a DCGASC is given by Definition 9.
Proof: Consider the following set of systems:
(23)
We denote the above set of systems by

. Considering
(24)

we see that is controllability-invariant if and only if is observability-invariant. Likewise, we see from (25) that
is observability-invariant if and only if is controllability-invariant.
(25)

(20)

and

(21)
respectively. A set of systems
is called a standard system
if
has the property such that
for each
. The standard system
is denoted by
.
Note that a standard system
has no restrictions except on
the diagonal entries of . We next introduce the dual structure
of a CGASC for
.
Definition 9: A standard system
is said to have a dual
complete generalized antisymmetric stepwise configuration
(DCGASC) if all the following conditions hold:
(i) If
and
, then
and
for
all
,
, and
.
(ii)
.
(iii) For
, if
,
then

If there is an entry
in the lower part of the diagonal
-entries (
and
), all the entries enclosed by
the solid line are equal to zero by condition (i) of Definition 9

Note that
has a DCGASC if and only if
has a CGASC.
Therefore, it follows from Theorem 1 that
is controllabilityand observability-invariant if and only if the system has a DCGASC.
Comparing (19) with (22), we see that there is an interesting
antisymmetric form between the CGASC and the DCGASC in
terms of the permissible locations of uncertain parameters. For
time-varying systems, this property might be lost.
V. ILLUSTRATIVE EXAMPLE
Designing a network structure of information flows arises
in many systems including communication systems, formation
moving (flying) systems, molecular biological systems, and genetic systems. Consider the two network structures shown in
Figs. 1 and 2.
For simplicity, we assume that each subject
is governed by
the state equation
for
, where
is the state,
is the input of the information flow, and
the output is given by
. Let
denote the
fact that the output of
is employed in the input of
.
Let
denote the fact that
is employed in
the input
of
, where
is an uncertain parameter.
Moreover, we assume that
is a controllable object that is
governed by the state equation
, where
is the state and
is the control variable constructed from
the information input of
.

Fig. 1. Network 1.

Fig. 2. Network 2.

Network 1 in Fig. 1 can be described by the following state
equation:

(26)
In contrast, Network 2 in Fig. 2 is described by the following
state equation:

(27)
We see from (26) and (27) that Network 1 has a CGASC, while
Network 2 has no CGASC. Consequently, we see from Theorem
1 that Network 1 is controllable and observable for any fixed
values of uncertain parameters. Moreover, Network 2 might lose
its controllability or observability for certain values of uncertain
parameters. In fact, if we choose
,
, and
, then we have
This means that
Network 2 is uncontrollable.

is controllable and observable in the usual sense for any fixed
values of uncertain parameters. The obtained conditions for
controllability and observability invariance are independent
of the bounds of uncertain parameters, but dependent on the
locations of uncertain parameters. The controllability and
observability of the considered system are determined by the
localization of uncertain parameters.
We first showed that to ensure the observability invariance
for a system with a generalized antisymmetric stepwise configuration, the system must have at least two outputs. Then,
we focused on a certain class of uncertain systems called a
standard system consisting of one input and two outputs. Next,
we introduced a complete generalized antisymmetric stepwise
configuration (CGASC). We showed that a standard system is
controllability- and observability-invariant if and only if the
system has a CGASC. Furthermore, we introduced the dual
structure of a CGASC for systems consisting of two inputs and
one output, and derived a necessary and sufficient condition for
a standard system to be controllability- and observability-invariant. We found that there is an interesting antisymmetric
form between the CGASC and the DCGASC concerning the
permissible locations of uncertain parameters.
For a standard system, the conditions derived here classify
uncertain systems into two groups. One consists of uncertain
systems whose controllability and observability depend on the
bounds of uncertain parameters. The other consists of uncertain
systems whose controllability and observability are independent
of the bounds of the uncertain parameters. From a basic point
of view, we focused on the simplest system configuration such
as one input and two outputs or two inputs and one output for
controllability and observability invariance. Using the obtained
criteria, we found that if a standard system has no CGASC, then
more inputs or outputs are necessary for the system to be controllability- and observability-invariant. It is beyond the scope
of this paper to consider how we should construct additional inputs or outputs for controllability and observability invariance.
This is a problem that can be investigated in the future.
Furthermore, it is worth noting that the problem addressed
here is strongly connected to the problem of designing a stabilizing controller for uncertain systems with limited measurable state variables. Even if an uncertain system has uncontrollable stable eigenvalues, they might become unstable owing
to the variations in uncertain parameters. Then, we find that if
an uncertain system is stabilizable using an output feedback
controller, independently of the bounds of uncertain parameters, then the system must be controllability- and observabilityinvariant. Thus, the conditions derived here are necessary to
develop a controller/observer synthesis method for uncertain
systems in the second category. The output feedback stabilization problem of uncertain systems, irrespective of the bounds
of uncertain parameters, is a problem that we plan to consider
next.

VI. CONCLUSION
In this research, we studied the controllability and observability of linear time-invariant uncertain systems. In particular,
we examined the conditions for controllability and observability invariance, which means that a linear uncertain system
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First, we show the necessity of conditions (i) and (ii) in
Lemma 2. Suppose that a standard system
is observ-

ability-invariant. Then the following system (28) is also
observability-invariant, where
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for
, then
must hold from (34).
is described by
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.

Then, we assume that the rank condition (7) in Definition 4 holds
contains only two uncertain entries
for the case where
and
. Let be defined by

..

(29)
Let
denote the
upper left submatrix of . For system
(28), it follows that
for by taking the
eigenvalues of . For this reason, if system (28) is observabilityinvariant, then
must be of full rank, that is,
must hold.
Now, we consider each case separately, depending on the location of
: [I]
and [II]
.
[I]: Consider the case of
. Note that the characteristic
polynomial of for system (28) is described by
(30)
In the following, we derive the conditions that ensure
for all the roots of (30). We further separate
this case according to the location of
: (i)
and (ii)
.
(i) When
, it follows that
and
is described by

.

..

.
(35)

Then, we have
(36)
for
, then we must have
.
If
Therefore,
must hold so that all the
roots of (30) are equal to zero.
[II]: Consider the case of
. Let
be decomposed
into the block matrices shown in (37). Let
denote the
block matrix in (37). We separate cases according to the location
of
in the same way as for [I], see (37) at the top of the next
page.
i) When
,
is located in the
block matrix.
Note that
has the same structure as (31). Likewise, we
see that if
, then
must hold.
ii) When
, we have

(38)
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.
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.
.

(31)
..

.

It is clear that
for
teristic polynomial of

must hold so that we obtain
. In this case, the characis described by
(39)

Then,
(a) For

is obtained as follows:
,

(32)
(b) For

,
(33)

By taking
in (30), the second
term on the right-hand side of both (32) and (33) vanishes.
Hence, it follows that
in cases (a) and
(b).
On the other hand, taking
in (30) yields
in (32). Substituting
into (33) yields
(34)

Therefore, if all the roots of (39) are equal to zero, then
must hold.
From [I]-(i) and [II]-(i), the proof of condition (i) is complete.
From [I]-(ii) and [II]-(ii), the proof of condition (ii) is also complete.
[III]: Finally, we show the necessity of condition (iii) in
Lemma 2. Suppose that a standard system
is observabilityinvariant, then the rank condition (7) in Definition 4 must hold
for every and . For this reason, we must have
for the case where and all the entries in the lowest row of
are equal to zero. Recall that
is defined as
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Expanding

yields
(41)

.
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Suppose that system (42) satisfies condition (ii) of Proposition 1.
is subsequently denoted by
. From
For simplicity,
, we have
(43)
(44)

denotes the cofactor of . All the terms of the above
where
equation except for the first term contain no -entries, hence
these terms must vanish. Then,
must hold
so that we obtain
for any values of . Likewise,
expanding
with respect to the first row of
, we must
have
. Repeating the same discussion for
the remaining cofactors, we see that
must
hold for a standard system
to be observability-invariant.
From [I], [II], and [III], the proof of Lemma 2 is complete.
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(49)

[I]: Consider the case of
. Let
be the
rightmost entry of the lowest row containing an uncertain entry
in the upper part of the -entries. It is found from Definition 3
that a system in
permits the existence of uncertain entries at
locations such as
and
provided that
is given. Suppose that
is observability-invariant. Then
the following system (42) in
must be also observabilityinvariant.

..

.
..

..
.
(50)
(51)
From (43)–(50), it follows that
(52)
(53)
..
.
(54)
(55)
(56)
(57)

(42)
.
..
.

In the following, we derive necessary conditions under which
system (42) is observability-invariant. We adopt here the following proposition, which is well known as the Popov-Belevitch-Hautus theorem [28].
Proposition 1 ([28]): The following conditions are equivalent.
(i)
,
.
(ii)

,

.

(58)
..
.
(59)
, we have
from (52)–(59).
(i) When
Then, we must have
from
so that we
obtain the unique solution
. For this reason, must
have the row vector given by (12).

(ii) When

From

, it follows from (55) that

, it follows that:

(60)

(72)
(73)
..
.

Substituting (60) into (52)–(54), we obtain

(74)
(75)

(61)
(62)
..
.
(63)

It is clear that all the terms on the right-hand side in (72)–(75)
can be written in terms of , , and as follows:

from
provided that the
We must have
unique solution
can be derived from (55)–(63). Hence,
must have the row vector given by (13). Therefore, it has been
is observability-invariant, then condition (i) of
shown that if
Lemma 3 must hold.
[II]: In the case of
, all the entries in the lower part
of the -entries are equal to zero from Definition 3. Suppose that
condition (ii) of Proposition 1 holds for the following system:
..

From

.

..

.

..

.

(64)

(76)
(77)
..
.
(78)
(79)
where
denote polynomials in terms of
and . Hence, must have the row vector given by (14) so that
we obtain
from
. Therefore, it has been shown
that if system (71) is observability-invariant, then condition (iii)
of Lemma 3 must hold.
From [I], [II], and [III], the proof of Lemma 3 is complete.

, it follows that
(65)
(66)
..
.
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SUFFICIENCY OF THEOREM 1 FOR OBSERVABILITY-INVARIANCE
Suppose that all the conditions in Theorem 1 are satisfied
in the subsequent discussion. Let
be defined
by

(67)
(68)
(69)
(70)
. When
, we have
from (70).
where
Then, from
and
in (69), it follows that
.
Repeating the same discussion for (65)–(68), we have
. When
, we have
from (65)–(69). Hence, must have the row vector given by
(12) so that we obtain
from
. Therefore, it has
been shown that if system (64) is observability-invariant, then
condition (ii) of Lemma 3 must hold.
[III]: In the case of
, all the entries in the upper part
of the -entries are equal to zero from Definition 3. Suppose that
condition (ii) of Proposition 1 holds for the following system:
..

.

..

.

..

.

(71)

(80)

In the following, the proof is given separately for [I]
, [II]
, and [III]
.
[I]: When
,
has a CGASC given by

..
.
..
.
..
.

..

.

..

.

..

.

..

.

..

..
.

.

..

..
.

.

..
.
..
.

..

.

..

.

..

.

..

.

.

..

.

..

..
.
..
.

(81)

Accordingly,

..
.
..
.
..
.

has the following structure:

..

.

..

.

..

.

..

.

..

..

.

..
.

.

..
.

..
..
..

, the determinant of the square submatrix
In the case of
obtained by eliminating the lowest row of in (84) is equal to
. In the case of
, it is clear that the determinant
of the square submatrix obtained by eliminating the first row of
in (84) is equal to
. Consequently, it follows that
for every and .
[III]: In the case of
, we obtain the following matrix
by eliminating
from in (80):

..
.
..
.

.

..

.

.

..

.

.

..

.

..
.
..
.

..
.
..
..
.
(82)
and

Now, we show that
for two cases: (i)
(ii)
.
(i) Substituting
into (82) yields (81). Removing the
lowest two rows of
in (81) yields a square submatrix
whose determinant is equal to the product of all the diagonal elements
because of condition (ii) in Definition 7. Therefore, it follows that
.
(ii) Consider the case of
. For in (82), let all the rows
between the second row and the th row be moved upward
by one row, and at the same time let the first row be moved
to the lowest row and also let the lowest row be moved to
the th row. Then, in (82) is written as follows:
..

.

..

.

..
.

..

.

..
.
..
.

..

.

..

..

.

..
.

.

..
.

..
..
..

..
.
..
.

.

..

.

.

..

.

.

..

.

..
.
..
.

..
.
..
.
..
.

..

.

..
..

.

..

.

.

..

.

.

..

.

..

.

..

.

..
.

.

..
..

..

.

.

..

.

.

..

.

..

.

..

.

..
.

(85)

The determinant of the square submatrix obtained by eliminating the lowest row of in (85) is equal to
. Therefore,
it follows that
for every and .
From [I], [II], and [III], it has been proved that if all the conditions of Theorem 1 are satisfied, then
is observability-invariant.
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