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Abstract—In a hot strip mill, the strip is cooled by spraying
water from the top and bottom on the runout table (ROT) before
the strip is coiled. The desired mechanical properties and met-
allurgical structure of the strip are achieved by controlling the
cooling rate and temperature of the strip on the ROT. In this pa-
per, we propose a design method of receding horizon control for
controlling the temperature of a strip whose mathematical model
is described by a nonlinear partial differential equation (PDE). We
provide a fast numerical solution method for solving the nonlinear
optimization problem for a class of nonlinear PDEs. Moreover, a
state observer with an unscented Kalman filter for estimating the
inhomogeneously distributed temperature of the strip is incorpo-
rated into the receding horizon controller. The effectiveness of the
proposed method is verified by numerical simulation.

Index Terms—Nonlinear system, optimization algorithm, partial
differential equation, receding horizon control.

I. INTRODUCTION

HOT ROLLING is an essential industrial process in the
production of sheet steels, a widely used product in man-

ufacturing and construction [1], [2]. In a hot stripmill, the strip is
cooled by spraying water from the top and bottom on the runout
table (ROT) before the strip is coiled. The desired mechanical
properties and metallurgical structure of the strip are achieved
by controlling the cooling rate and temperature of the strip on
the ROT. Therefore, it is important to carefully control the tem-
perature profile in the cooling process to regulate the quality of
the steel. Temperature control of the hot-rolled strip has been of
great interest in the steel/metal industry [3]–[6]. Fig. 1 shows
the layout of a strip on the ROT.
A number of control methods for the cooling process rely on

either lookup tables or a direct empirical relation between the
water flow and strip temperature [7]–[9]. However, these con-
trol methods are only valid for a particular hot strip mill with a
restricted range of system parameters. In the case of variation in
the system parameters, feedback action is necessary to adapt the
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Fig. 1. Hot strip mill cooling system.

controller to take into account the changed conditions. Several
control methods that incorporate both feedforward and feed-
back action to control the temperature of the strip on the ROT
have been proposed [10]–[14]. However, the control methods
in [10]–[12] use an approximate model of the cooling process
to predict the temperature of the strip and iteratively estimate
the amount of water flow required to achieve the desired tem-
perature of the strip, although the actual model of the cooling
process is a nonlinear partial differential equation (PDE). More-
over, although a nonlinear PDEmodel for the temperature of the
strip has been addressed [13], [14], the optimality of the con-
troller has not yet been discussed. In this paper, therefore, we
propose an optimal control method for a nonlinear PDE model
of the temperature of the strip to achieve the desired temperature
profile of the strip. The proposed method enables us to design
a controller that takes the efficiency of water consumption into
account.
Receding horizon control is a kind of optimal feedback con-

trol, and its performance index has a moving initial time and a
moving terminal time [15], [16]. A fast algorithm called the con-
tinuation/generalized minimum residual (C/GMRES) method
has been proposed [17] to solve the nonlinear receding horizon
control problem for systems described by ordinary differential
equations. However, a design method of receding horizon con-
trol for nonlinear PDEs has not yet been proposed. In fact, ap-
propriate reformulation and modification are necessary to apply
receding horizon control with the C/GMRES method to sys-
tems described by nonlinear PDEs. The objective of this paper
is to develop a design method of receding horizon control for
nonlinear PDEs and to show that such a method can be effec-
tively applied to the control of the cooling process of a strip on
a ROT. Moreover, we also propose an estimation method for
the inhomogeneously distributed temperature of the strip. State



estimation for nonlinear PDEs is an open problem and beyond
the scope of this paper. Nevertheless, we design an observer with
an unscented Kalman filter (UKF) [18] using the discretized
nonlinear model of the temperature of the strip for the state
estimation problem.
This paper is organized as follows. The system considered

here is defined in Section II. Section III plays an essential
role in this study. In Section III, we formulate the receding
horizon control problem and derive the stationary conditions
that must be satisfied for a performance index to be optimized.
Section IV is devoted to a description of the numerical algorithm
for solving the discretized stationary conditions. In Section V,
we consider the state estimation problem for the temperature of
the strip using an observer with a UKF. In Section VI, a numer-
ical simulation is conducted to verify the effectiveness of the
proposed method. Finally, some concluding remarks are given
in Section VII.

II. SYSTEM DESCRIPTION

Let R and R+ denote the sets of real numbers and nonnega-
tive real numbers, respectively. LetN+ denote the set of positive
integers. The transpose of A ∈ R

n×n is denoted by A′. Let I
denote the identity matrix. Let sgn(x) denote the signum func-
tion. The system parameters used in this paper are listed in
Table I. Let Ω and ∂Ω be sets defined by Ω := {x|0 ≤ x ≤ h}
and ∂Ω := {x|x = 0, x = h}, respectively. We assume that the
nonlinear functions c(z), b(z), H(z), and γ(z) are all continu-
ous and differentiable functions. As a prerequisite for control,
the cooling process on the ROT has been modeled in [3]. The
equation that governs the cooling process on the ROT is a non-
linear heat conduction equation

ρc (z)
∂z(x, t)

∂t
=

∂

∂x

(
b (z)

∂z(x, t)
∂x

)
+ H(z)γ(z) (1a)

with the initial condition z(x, t) = z0(x) at t = 0. Taking into
account the fact that the strip can be cooled not only by water
but also by air, we consider the following boundary conditions:

∂z(x, t)
∂x

= k(z, u, zw , za) at x = 0 (1b)

∂z(x, t)
∂x

= −k(z, u, zw , za) at x = h (1c)

where k(z, u, zw , za) ∈ R+ denotes the heat transfer function
caused by thewater and air.We assume that zw and za are known
constants. Thus, the arguments zw and za of k are omitted here-
after. We assume that k(z, u) is a continuous and differentiable
function with respect to z and u. The function k(z, u) has to be
determined empirically so that the systemmodel can bematched
with the actual cooling process. The specific model of k(z, u)
depends on the hot strip mill cooling system under considera-
tion. In this section, we consider the boundary conditions in a
general setting as (1b) and (1c) without referring to any specific
cooling system on the ROT. Thus, the general design philoso-
phy discussed herein can be applied to any specific processes.
Nevertheless, particular details pertaining to a specific process
are discussed in Section VI.

TABLE I
SYSTEM PARAMETERS

It was shown in [14] that the product of the latent heat of the
phase transformationH(z) and the rate of the phase transforma-
tion γ(z) can be regarded as the time derivative of the specific
enthalpy d(z). Substituting

H(z)γ(z) =
∂d(z)
∂z

∂z

∂t
(2)

into (1a), we obtain{
ρc(z) − ∂d(z)

∂z

}
∂z(x, t)

∂t
=

∂

∂x

(
b (z)

∂z(x, t)
∂x

)
. (3)

Let a(z) be defined by a(z) := ρc(z) − ∂d(z)/∂z. We assume
that a(z) �= 0 and b(z) �= 0 for all z. In the subsequent discus-
sion, we consider the following system:

∂z(x, t)
∂t

= F (z) for x ∈ Ω (4a)

∂z(x, t)
∂x

= α(x)k(z, u) for x ∈ ∂Ω (4b)

where F(z) : R → R and α(x) : ∂Ω → {−1, 1} are defined by

F :=
1

a(z)

{
∂

∂x

(
b (z)

∂z(x, t)
∂x

)}

α(x) := sgn

(
h

2
− x

)
.

Considering that a cooling system has an upper bound of the
water rate, we impose an inequality constraint on u as

0 ≤ u(t) ≤ umax , ∀t ∈ R+ (5)

where umax is a positive constant. Then, it follows from (5) that∣∣∣u(t) − umax

2

∣∣∣ ≤ umax

2
. (6)

This inequality constraint can be converted into an equality
constraint by introducing a slack variable v(t) : R+ → R as
follows:

C[u, v] :=
1
2

{(
u − umax

2

)2
−

(umax

2

)2
+ v2

}
= 0. (7)



Note that the slack variable v is squared to constrain the sign
of {(u − umax/2)2 − (umax/2)2} to be nonpositive. Since the
sign of v does not affect the optimality, the optimal solution
can bifurcate and an algorithm cannot determine the update of v
when v = 0. To avoid the singularity at v = 0, a small dummy
penalty is also added to the last term in the performance index.

III. RECEDING HORIZON CONTROL

In this section, the nonlinear optimal control problem for
system (4) is discussed. The control input at each time t is
determined so as to minimize the performance index given by

J̄ = φ [z(x, t + T )] +
∫ t+T

t

L[z(x, τ), u(τ), v(τ)]dτ

φ :=
1
2

∫
Ω

p{z(x, t + T ) − zf (t + T )}2dx

L :=
1
2

(∫
Ω

q{z(x, τ) − zf (τ)}2dx + ru2(τ) − 2sv(τ)
)
(8)

where zf (t) ∈ R is the desired homogeneous temperature pro-
file, T ∈ R+ is the evaluation interval of the performance index,
and p, q, r, and s ∈ R+\{0} are weighting constants. The op-
timization problem of (8) subject to constraints (4) and (7) can
be reduced to minimizing the following performance index in-
troduced by using the costate λ(x, t) : Ω × R+ → R and the
Lagrange multiplier μ(t) : R+ → R associated with the equal-
ity constraint

J = φ [z(x, t + T )] +
∫ t+T

t

(H[z, u, v, λ, μ] + Q[z, λ]) dτ

(9)
where H and Q are defined by

H := L +
∫

Ω
λ(x, τ)F(z)dx + μ(τ)C[u, v]

Q :=
∫

Ω
−λ(x, τ)

∂z(x, τ)
∂τ

dx.

Let zx , zxx , and bz denote ∂z/∂x, ∂2z/∂x2 , and ∂b/∂z, re-
spectively. Now, observing that

F =
1

a(z)
{
bz (z)z2

x + b(z)zxx

}
(10)

it follows that

∂F
∂z

=
∂

∂z

{
bz (z)
a(z)

}
z2

x +
∂

∂z

(
b(z)
a(z)

)
zxx

∂F
∂zx

=
{

2bz (z)
a(z)

}
zx

∂F
∂zxx

=
{

b(z)
a(z)

}
.

Let δJ , δz, δzx , δzxx , δλ, δu, δv, and δμ denote the variations
(infinitesimal changes) in J , z, zx , zxx , λ, u, v, and μ, respec-
tively. It is important to note that we can apply integration by

parts to the computation of δJ as follows:∫
Ω

∂H

∂zx
δzxdx =

∫
Ω

(
∂H

∂zx

)
∂δz

∂x
dx

=
[(

∂H

∂zx

)
δz

]h

0
−

∫
Ω

∂

∂x

(
∂H

∂zx

)
δzdx (11)

∫
Ω

∂H

∂zxx
δzxxdx =

∫
Ω

(
∂H

∂zxx

)
∂2δz

∂x2 dx

=
[(

∂H

∂zxx

)
∂δz

∂x

]h

0
−

[
∂

∂x

(
∂H

∂zxx

)
δz

]h

0

+
∫

Ω

∂2

∂x2

(
∂H

∂zxx

)
δzdx. (12)

Considering that, from boundary condition (4b), we obtain

∂δz

∂x
= α(x)

(
∂k

∂z
δz +

∂k

∂u
δu

)
for x ∈ ∂Ω. (13)

We can substitute (13) into (∂δz/∂x) in (12) for x = 0 and
x = h. It is also important to note that we have the following
integration by parts:∫ t+T

t

(Q[z + δz] − Q[z]) dτ =
∫ t+T

t

∫
Ω
−λ

∂δz

∂τ
dxdτ

=
[∫

Ω
−λ(x, τ)δz(x, τ)dx

]t+T

t

+
∫ t+T

t

∫
Ω

∂λ

∂τ
δzdxdτ

=
∫

Ω
−λ(x, t+T )δz(x, t+T )dx+

∫ t+T

t

∫
Ω

∂λ

∂τ
δzdxdτ. (14)

Note that we take δz(x, t) = 0 in (14), because z(x, τ) is fixed
at τ = t. Taking (11)–(14) into account, we obtain the variation
in J as follows:

δJ =
∫ t+T

t

[∫
Ω

{
F(z) − ∂z

∂τ

}
δλ(x, τ)dx +

∫
Ω

{
∂λ

∂τ

+
∂H

∂z
− ∂

∂x

(
∂H

∂zx

)
+

∂2

∂x2

(
∂H

∂zxx

)}
δz(x, τ)dx

+
[{

∂H

∂zx
− ∂

∂x

(
∂H

∂zxx

)
+α(x)

(
∂H

∂zxx

) (
∂k

∂z

)}
δz(x, τ)

]h

0

+

{
∂H

∂u
−

∑
x∈∂Ω

(
∂H

∂zxx

)(
∂k

∂u

)}
δu(τ) +

∂H

∂v
δv(τ)

+
∂H

∂μ
δμ(τ)

]
dτ +

∫
Ω

(p{z(x, t + T )−zf (t + T )}

+ λ(x, t + T )) δz(x, t + T )dx.

Let kz , ku , and Cu denote ∂k/∂z, ∂k/∂u, and ∂C/∂u, re-
spectively. Consequently, we obtain the necessary conditions
for a stationary value of J over the horizon (t ≤ τ ≤ t + T ) as
follows. For x ∈ Ω, we have

∂z

∂τ
= F(z) (15a)

p{z(x, t + T ) − zf (t + T )} = λ(x, t + T ) (15b)



∂λ

∂τ
= −∂H

∂z
+

∂

∂x

(
∂H

∂zx

)
− ∂2

∂x2

(
∂H

∂zxx

)
(15c)

and, for x ∈ ∂Ω, we have

∂H

∂zx
− ∂

∂x

(
∂H

∂zxx

)
+ α(x)

(
λb

a

)
kz = 0 (15d)

ru + μCu −
∑

x∈∂Ω

(
λb

a

)
ku = 0 (15e)

μv − s = 0 (15f)

C[u, v] = 0. (15g)

A well-known difficulty of nonlinear optimal control is that
the obtained stationary conditions cannot be solved analytically
in general. To solve the above stationary conditions (15a)–(15g)
by a numerical solution method, we must discretize these equa-
tions into finite difference equations.
Here, we divide the space and time into M ∈ N+ grids and

N ∈ N+ grids, respectively. Hence, each division width is given
byΔx := h/(M − 1) andΔτ := T/(N − 1). By means of the
discretization, z(x, τ) (0 ≤ x ≤ h, t ≤ τ ≤ t + T ) can be de-
scribed by zi,j (t) (i = 1, . . . , M, j = 1, . . . , N), where the sub-
scripts i and j denote space and time, respectively. For other vari-
ables, we adopt such notation without explanation. Let zj (t) ∈
R

M and λj (t) ∈ R
M denote zj (t) := [z1,j (t), . . . , zM ,j (t)]′

and λj (t) := [λ1,j (t), . . . ,λM,j (t)]′, respectively. Let zf N be
defined by zf N := [zf (t + T ), . . . , zf (t + T )]′ ∈ R

M . The
Crank–Nicolson method [19] is a finite difference method used
for numerically solving PDEs. It is a second-order method in
time and space, and is numerically stable. Adopting the finite
difference method, we obtain the approximately discretized sta-
tionary conditions over the horizon (t ≤ τ ≤ t + T ) as follows.
For xi ∈ Ω, we have

A(zj )zj+1 = B(zj , uj ) (16a)

p(zN − zf N ) = λN (16b)

C(λj+1)λj = D (λj+1 , zj+1 , uj+1) (16c)

and, for xi ∈ ∂Ω, we have

ruj +μjCu (uj )−
∑

i∈{1,M }

(
λi,j b(zi,j )

a(zi,j )

)
ku (zi,j , uj )=0 (16d)

μjvj − s = 0 (16e)

C[uj , vj ] = 0 (16f)

whereA,C ∈ R
M ×M andB,D ∈ R

M denotematrix functions
and vector functions, respectively. Note that boundary condition
(4b) is also discretized and employed in (16a). Also, note that the
equations obtained by discretizing (15c) and (15d) are unified
into (16c). Moreover, we assume that A and C are invertible
and guarantee the stability of (16a) and (16c), respectively.

IV. NUMERICAL SOLUTION ALGORITHM

Once we have the finite difference equations for the optimiza-
tion conditions, we can find the optimal control input using a
numerical solution algorithm. An iterative optimization method

such as Newton’s method can be executed to solve the optimiza-
tion problem.However, an iterative optimizationmethod is com-
putationally expensive and is not suitable for systems controlled
with a brief sampling period. On the one hand, a fast algorithm,
called the C/GMRES method, for achieving real-time optimiza-
tion without offline computation has been proposed [17]. In
general, the optimal solution varies smoothly with respect to
time. Then, using the C/GMRES method [17], we can trace the
optimal solution, without the need for iterative methods, by inte-
grating a differential equation for updating the control sequence.
Here, we adopt the C/GMRESmethod to solve the obtained sta-
tionary conditions, because the C/GMRES algorithm is not only
faster but also more numerically robust than the conventional al-
gorithm. Detailed features of the C/GMRES method compared
with other methods can be found in [17]. For the sake of com-
pleteness, a brief description of the C/GMRES method applied
to this problem is presented in the subsequent discussion.
LetU(t) ∈ R

3N be defined as follows:

U(t) := [ u1(t), v1(t), μ1(t), . . . , uN (t), vN (t), μN (t) ]′ .
(17)

For a given initial state z1(t), {zj (t)}N
j=1 is calculated re-

cursively using (16a). Then, for the terminal costate λN (t)
determined from (16b), {λj (t)}N

j=1 is also calculated recur-

sively from j = N to j = 1 using (16c). Since {zj (t)}N
j=1 and

{λj (t)}N
j=1 are determined by z1(t) and U(t) through (16a)–

(16c), (16d)–(16f) can be regarded as one equation written as

K(U(t), z1(t), t) :=

⎡
⎣ K1

...
KN

⎤
⎦ = 0 (18)

where

Kj :=

⎡
⎢⎢⎢⎣

ruj + μjCu (uj ) −
∑

i∈{1,M }

λi,j b(zi,j )
a(zi,j )

ku (zi,j , uj )

μjvj − s

C[uj , vj ]

⎤
⎥⎥⎥⎦ .

If (18) is solved with respect to U(t) for a given z1(t) at
each time t, then the optimal control input can be determined.
We can evaluate ‖K‖ for the optimality performance, because
the optimal solution must satisfy ‖K‖ = 0. Instead of solving
K(t) = 0 itself at each time by such an iterative method as
Newton’s method, we find the derivative of U(t) with respect
to time such that K(t) = 0 is satisfied identically. Namely, we
determine U̇(t) so that

K̇(t) = AsK(t) (19)

where As is a stable matrix introduced to stabilize K = 0.
As is a design parameter to determine the convergence rate of
‖K(t)‖. It was shown in [17] that if we choose As = −I/Δt
(Δt: sampling period), then the stability of forward difference
equation is guaranteed. Also, we can empirically adjust As to
achieve a better performance.
By total differentiation, we obtain

∂K
∂U

U̇(t) = AsK − ∂K
∂z1

ż1 − ∂K
∂t

(20)



which can be regarded as a linear algebraic equation with a
coefficient matrix (∂K/∂U), to determine U̇ for given U, z1 ,
ż1 , and t. Then, if the Jacobian (∂K/∂U) is nonsingular, we
obtain a differential equation forU(t) as

U̇(t) =
(

∂K
∂U

)−1 (
AsK − ∂K

∂z1
ż1(t) − ∂K

∂t

)
. (21)

We can update the solutionU(t) ofK(U(t), z1(t), t) = 0, with-
out the need for iterative optimization methods, by integrating
(21) in real time as, for example,U(t + Δt) = U(t) + U̇(t)Δt,
whereΔt denotes the sampling period. This approach is a kind
of continuation method [20] in the sense that the solution curve
U(t) is traced by integrating a differential equation.
From the computational point of view, the differential equa-

tion (21) still involves expensive operations, that is, Jacobians
(∂K/∂U), (∂K/∂z1), and (∂K/∂t) and the linear algebraic
equation associated with (∂K/∂U)−1 . To reduce the computa-
tional cost in the Jacobians and the linear equation, we employ
two techniques, that is, the forward difference approximation for
products of Jacobians and vectors, and the GMRESmethod [21]
for the linear algebraic equation.
First, we approximate the products of the Jacobians and some

w1 ∈ R
3N ,w2 ∈ R

M , andw3 ∈ Rwith the forward difference
as follows:

∂K(U, z1 , t)
∂U

w1 +
∂K(U, z1 , t)

∂z1
w2 +

∂K(U, z1 , t)
∂t

w3

	 DsK(U, z1 , t : w1 ,w2 , w3)

:=
[K(U + sw1 , z1 + sw2 , t + sw3) − K(U, z1 , t)]

s

where s is a positive real number. Then, (19) is approximated as

DsK(U, z1 , t : U̇, ż1 , 1) = AsK(U, z1 , t)

which is equivalent to

DsK(U, z1 + sż1 , t + s : U̇, 0, 0) = b(U, z1 , ż1 , t) (22)

where

b(U, z1 , ż1 , t) := AsK(U, z1 , t) − DsK(U, z1 , t : 0, ż1 , 1).

The forward difference approximation of the products of the
Jacobians and vectors can be calculated with only an addi-
tional evaluation of the function, which requires notably less
computational burden than an approximation of the Jacobians
themselves.
Because (22) approximates a linear equation with respect

to U̇, we can apply the GMRES algorithm [21] to (22).
GMRES is a kind of Krylov subspace method for such a lin-
ear equation as Ay = b where A is not necessarily symmet-
ric or positive definite. GMRES at the kth iteration minimizes
the residual ρ := ‖b − Ay‖ with y ∈ y0 + Kk , where y0 is
the initial guess and Kk denotes the Krylov subspace defined
by Kk :=span{r0 ,Ar0 , . . . ,Ak−1r0} with r0 := b − Ay0 .
GMRES also successively generates an orthonormal basis
{vj}k

j=1 for Kk . Minimization is executed efficiently through
the use of Givens rotations. In principle, GMRES reduces the
residual monotonically and converges to the solution within the

same number of iterations as the dimension of the equation.
However, an important advantage of GMRES for a large lin-
ear equation is that a specified error tolerance, for example,
ρ ≤ ξ‖r0‖ (0 < ξ < 1), can be achieved with much fewer iter-
ations. More detailed information about the implementation of
C/GMRES algorithm is provided in [17].

V. ESTIMATION METHOD

In this section, we consider the state estimation problem for
the discrete nonlinear system model given by

zj+1 = F(zj , uj ) + δj . (23)

Therein, F ∈ R
M is given by F = A−1(zj )B(zj ,uj ), where

A and B are defined in (16a). Let δ ∈ R
M denote the process

noise, which can be caused by disturbances andmodeling errors.
The temperature on the surface of the strip can only be detected
by a thermal sensing device. Then, the output y ∈ R

2 of system
(23) is given as

yj = L(zj ) + ξj

L(zj ) :=
[

1 0 · · · 0
0 · · · 0 1

]
zj =

[
z1,j

zM ,j

]
(24)

where ξ ∈ R
2 denotes the observation noise. The optimal es-

timate in the minimum mean-squared error sense is given by
the conditional mean. Let ẑj |k be the mean of ẑj conditioned
on all of the observations up to time k, i.e., ẑj |k = E

[
ẑj |Yk

]
,

whereYk := {y1 ,y2 , . . . yk}. The covariance of this estimate
is denoted byQz

j |k . LetQ
δ
j andQξ

j be the covariances of δj and
ξj , respectively. It is assumed that the means of δj and ξj are
zero. The UKF [18] first predicts the mean and covariance of a
future state using the process model and weighted sigma points

χj+1|j = F(χj , uj ) (25)

ẑj+1|j =
2M∑
i=0

Wiχi
j+1|j (26)

Qz
j+1|j =

2M∑
i=0

Wi
(
χi

j+1|j − ẑj+1|j
)(

χi
j+1|j − ẑj+1|j

)′

+ Qδ
j+1 (27)

where Wi and χi denote the weight and sigma point, respec-
tively. The definitions of Wi , χi , and χ can be found in [18].
After we redraw a new set of sigma points χ̃i to incorporate the
effect of the additive process noise, the predicted observation is
calculated by

ŷj+1|j =
2M∑
i=0

WiL
(
χ̃i

j+1|j
)
. (28)



Fig. 2. Layout of the cooling process.

Moreover, the cross covariance P and innovation covarianceR
are determined by

Pj+1|j =
2M∑
i=0

Wi
(
χ̃i

j+1|j − ẑj+1|j
)

×
(
L

(
χ̃i

j+1|j
)
− ŷj+1|j

)′
(29)

Rj+1|j = Qξ
j+1 +

2M∑
i=0

Wi
(
L

(
χ̃i

j+1|j
)
− ŷj+1|j

)

×
(
L

(
χ̃i

j+1|j
)
− ŷj+1|j

)′
. (30)

Consequently, the estimate at time j + 1 is obtained by updating
the prediction by the linear update rule

Gj+1 = Pj+1|jR−1
j+1|j (31a)

ẑj+1|j+1 = ẑj+1|j + Gj+1
(
yj+1 − ŷj+1|j

)
(31b)

Qz
j+1|j+1 = Qz

j+1|j − Gj+1Rj+1|jG′
j+1 . (31c)

Note that a UKF is more accurate than an extended Kalman
filter (EKF) [22] and easier to implement than an EKF, because
a UKF does not involve any linearization steps, eliminating the
need to derive of the Jacobian matrix of F.

VI. NUMERICAL SIMULATION

In this section, we consider the cooling process of a hot strip
mill that can be regarded as a sequence of estimation zones
and control zones. Fig. 2 shows that the cooling process on the
ROT is divided into the estimation zone and the control zone.
For simplicity, the velocity of the strip is fixed at 3 m/s and the
length of each estimation zone and control zone is set as 6 m.
A simulation of a sequence consisting of four estimation zones,
each followed by a control zone, is performed here.
Here, k(z, u) and u(ω, zw ) are given by

k(z, u) =
u(ω, zw )

b(z)
+

σε(z2 − z2
a )2

b(z)
(32)

u(ω, zw ) = θ1ω
θ2 zθ3

w (33)

where θ1 = 4.59 × 106 , θ2 = 0.7, θ3 = −0.54, zw = 10, za =
20, σ = 5.67× 10−8, and ε = 0.8. The first and second terms
of k(z, u) are adduced from [3] and [13], respectively. The spe-
cific heat capacity c (z) and specific enthalpy d(z) used in the

Fig. 3. c(z) and d(z) adduced from [14].

Fig. 4. b(z) referred to from [23].

Fig. 5. Desired temperature profile zf .

simulation are shown in Fig. 3. The thermal conductivity b(z)
and desired temperature profile zf (t) used in the simulation are
shown in Figs. 4 and 5, respectively. The initial states z0(x) and
ẑ0(x) are set as z0(x) = 50 sin(πx/h) + 750 and ẑ0(x) = 800,
respectively.δj andξj are set as zero-meanGaussian noiseswith

covariances Qδ
j = 0.2I and Qξ

j = 0.2I, respectively. Other pa-
rameters are chosen as follows:Δt = 5ms, h = 0.01,M = 40,
N = 5, ρ = 7860, [p, q, r, s] = [1, 1014 , 1, 1], ωmax = 1, and
umax = θ1ω

θ2
maxz

θ3
w . The results of the simulation by the pro-

posed method are shown in Figs. 6–10. Figs. 6 and 7 show
the time histories of the real temperature z(x, t) and estimated
temperature ẑ(x, t), respectively. Figs. 8 and 9 show the time



Fig. 6. Time history of the real temperature z.

Fig. 7. Time history of the estimated temperature ẑ.

Fig. 8. Time history of the control error e.

histories of the average control error e(t) := ‖zf (t) − z(t)‖/M
in each control zone and the average estimation error ê(t) :=
‖z(t) − ẑ(t)‖/M in each estimation zone, respectively. It can
be seen that the temperature of the strip is successfully con-
trolled and estimated by the proposed method. Fig. 10 shows
the time history of the controlled water rate. It can be seen that
the optimal strategy is reflected in the water consumption. The
average computational times per time step for the controller and
estimator are 26.9 and 13.8 ms, respectively. It is found that
fast optimization can be achieved by the proposed method. The
simulation was performed on a laptop computer (Panasonic CF-
S9, CPU: Intel(R) Core(TM) i5, 2.4 GHz Memory: 3.4 GB OS:
Windows 7, 32 bit Software: MATLAB).

Fig. 9. Time history of the estimation error ê.

Fig. 10. Time history of the water flow rate ω.

VII. CONCLUSION

We have investigated the control and estimation problem for
a hot strip mill cooling system. We first presented a design
method of receding horizon control, in which the control per-
formance over a finite future is optimized, for the temperature of
a strip whose mathematical model is described by a nonlinear
PDE. We adopted the C/GMRES method to solve the opti-
mization problem, because the C/GMRES algorithm is not only
faster but also more numerically robust than the conventional
algorithm. Thus, an efficient algorithm for solving the optimal
control problem for a class of nonlinear PDEs was established
herein. Next, we designed an observer with a UKF for estimat-
ing the inhomogeneously distributed temperature of the strip.
Taking the process noise and observation noise into consider-
ation, the proposed observer is incorporated into the receding
horizon controller. Therefore, the proposed method enables us
to manage the water consumption and the robustness against
modeling errors and disturbances. Finally, the effectiveness of
the proposed method was verified by numerical simulation. The
stability of the closed-loop system controlled by receding hori-
zon control with a UKF is not theoretically guaranteed. Robust
stability against modeling errors and disturbances should be
addressed in future research.
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