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Abstract— Receding horizon control is a type of optimal
feedback control in which control performance over a finite
future is optimized with a performance index that has a moving
initial time and terminal time. Implicit systems belong to a more
generalized class of systems than a class of explicit systems,
because they can additionally contain algebraic constraints. The
objective of this study is to develop a novel design method of
receding horizon control for a generalized class of discrete-
time nonlinear implicit systems. Using the variational principle,
we derive the stationary conditions that must be satisfied for
a performance index to be optimized. Moreover, we provide
numerical algorithms for solving the obtained stationary con-
ditions. Next, we establish the stability criterion for the closed-
loop system with the proposed method. Finally, the effectiveness
of the proposed method is verified by numerical simulations.

I. I NTRODUCTION

Receding horizon control (RHC), also known as model
predictive control, is a well-established control method in
which the current control input is obtained by solving a
finite-horizon open-loop optimal control problem using the
current state of the system as the initial state, and this
procedure is repeated at each sampling instant [1]. Thus,
RHC is a type of optimal feedback control in which the
control performance over a finite future is optimized with a
performance index that has a moving initial time and terminal
time. In general, a feedback controller is more robust against
disturbance and model error than a feedforward controller.
Moreover, an important advantage of RHC is its ability to
deal with constraints on control inputs and states.

For the RHC problem of nonlinear explicit systems, the
stationary conditions that must be satisfied for a performance
index to be optimized are well-known as the Euler–Lagrange
equations. Several numerical algorithms for solving the
Euler–Lagrange equations have been proposed in [2]-[3]. For
nonlinear implicit systems,H∞ optimal control problems
have been investigated in [4]-[5]. Thus, the local stability
criterion around a neighborhood of the origin has been
established in [4]-[5].

To the best of my knowledge, the RHC problem of
nonlinear implicit systems is still an open problem as far as
general classes of systems are concerned. The objective of
this study is to solve the RHC problem of nonlinear implicit
systems and to establish the global stability criterion for the
closed-loop system with the proposed RHC.

In Section II, we define the system model and introduce
some preliminary results. In Section III, we first derive the
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generalized Euler–Lagrange equations for the optimal control
problem of nonlinear implicit systems. Next, we provide a
brief description of the algorithm for numerically solving the
obtained Euler–Lagrange equations. In Section IV, we first
study the existence and uniqueness of the solution of the
system equation. Next, we show the stability criterion for the
closed-loop system with the proposed RHC. In Section V, we
provide an illustrative example to verify the effectiveness of
the proposed method. Finally, concluding remarks are stated
in Section VI.

Notation:Let R denote a set of real numbers. LetR+ and
Z+ denote the sets of nonnegative real numbers and integers,
respectively. LetN denote the sets of natural numbers
(positive integers). For a matrixA ∈ Rn×n, the transpose and
the inverse ofA are denoted byAT andA−1, respectively.
The determinant and rank of a matrixA are denoted by
det(A) and rank(A), respectively. LetI denote the identity
matrix.

A function α : R+ → R+ is said to belong to classK if it
is continuous, strictly increasing andα(0) = 0. A function
α : R+ → R+ is said to belong to classK∞ if α ∈ K and
lim

s→∞
α(s) = ∞.

For a scalar functionφ(x) : Rn → R, the differentiation
of φ(x) with respect tox ∈ Rn is defined by

∂ϕ(x)
∂x

:=
[

∂ϕ(x)
∂x1

∂ϕ(x)
∂x2

· · · ∂ϕ(x)
∂xn

]
The Jacobian matrix of a vector-valued functionF (x) :
Rn → Rn is defined by

∂F (x)
∂x

:=


∂F1(x)

∂x1
· · · ∂F1(x)

∂xn

...
.. .

...
∂Fn(x)

∂x1
· · · ∂Fn(x)

∂xn


II. SYSTEM MODEL AND PRELIMINARY RESULTS

In this study, we consider the following discrete-time
nonlinear implicit systems:

E (x(t))x(t + 1) = F (x(t), u(t)) , (1)

where t ∈ Z+, x(t) : Z+ → Rn, and u(t) : Z+ → Rm

denote a temporal variable, the state, and the control input,
respectively.E (x(t)) : Rn → Rn×n and F (x(t), u(t)) :
Rn×Rm → Rn are continuously differentiable function. For
examples, the discretized equations for nonlinear diffusion
process [6] and RLC network circuits [7] belong to a class
of systems described by (1).

Here, we assume that the statex(t) satisfying (1) is
known for all t ∈ Z+. Moreover, we assume thatE (x(t))



is not necessarily of full-rank, i.e.,rankE (x(t)) ≤ n. In
particular, we call system (1) the descriptor system when
det E (x(t)) = 0. Without loss of generality, we assume
F (0, 0) = 0, that is, the originx = 0 is the equilibrium
point.

Next, we introduce some preliminary results. The follow-
ing lemma is well known as Lyapunov stability theory.

Lemma 1 ([1]): Consider a systemx(t + 1) = F (x(t)),
where x(t) : Z+ → Rn, F (x(t)) : Rn → Rn and
F (0) = 0. Suppose that there exist a Lyapunov function
V (x) : Rn → R+, classK∞ functionsα1, α2 and a positive
definite functionα3 satisfying all the following conditions:

V (x) ≥ α1 (‖x‖)
V (x) ≤ α2 (‖x‖)
V (F (x)) − V (x) ≤ −α3 (‖x‖)

Then, the originx = 0 is asymptotically stable.
The following lemma is well known as implicit function
theorem.

Lemma 2 ([8]): Let f(x, y) : Rn × Rm → Rn be
continuously differentiable function. For each point(x, y)
of an open setS ⊂ Rn ×Rm, suppose thatf(x, y) = 0 and
the Jacobian matrix∂f(x, y)/∂y is nonsingular. Then, there
exist neighborhoodsW ⊂ Rn of x andU ⊂ Rm of y such
that for eachx ∈ W the equationf(x, y) = 0 has a unique
solution y ∈ U . Moreover, this solution can be given as a
continuously differentiable functiony = g(x).

III. R ECEDING HORIZON CONTROL

In this section, we consider the receding horizon control
problem of system (1). Using the variational principle, we
analytically derive the stationary conditions that must be
satisfied for a performance index to be optimized. The
control input at each timet is determined so as to minimize
the performance index given by

J = φ (x(t + N)) +
t+N−1∑

k=t

L (x(k), u(k)). (2)

Therein,N ∈ N denotes the length of prediction horizon.
φ : Rn → R+ and L : Rn × Rm → R+ are so-called
terminal cost function and stage cost function, respectively,
and assumed to be continuously differentiable functions with
φ(0) = 0 andL(0, 0) = 0.

The minimization problem of (2) subject to (1) can be
reduced to the minimization of the following performance
index introduced using the costateλ ∈ Rn associated with
system equation (1):

J̄ = φ (x(t + N)) +
t+N−1∑

k=t

[
L (x(k), u(k))

+λT(k + 1) {F (x(k), u(k)) − E (x(k))x(k + 1)}
]

(3)

Let H ∈ R denote the Hamiltonian defined by

H := L (x(k), u(k)) + λT(k + 1)F (x(k), u(k)) . (4)

Let δJ̄ , δx, δλ, and δu denote the variations (infinitesimal
changes) inJ̄ , x, λ, andu, respectively. Since the optimal
solution must satisfy the stationary conditionδJ̄ = 0,
we need to consider the variationδJ̄ due to the varia-
tions δx, δλ, and δu. Then, we need to calculateδJ̄ =
J (x + δx, λ + δλ, u + δu)−J (x, λ, u). Applying the Taylor
expansion intoJ (x + δx, λ + δλ, u + δu) around(x, λ, u)
and neglecting the high order terms of each variation, we
can compute the variation in̄J . Thus,δJ̄ can be described
by

δJ̄ =
t+N∑
k=t

∂J̄

∂x(k)
δx(k) +

t+N−1∑
k=t

∂J̄

∂u(k)
δu(k)

+
t+N∑

k=t+1

∂J̄

∂λ(k)
δλ(k). (5)

In fact, the first term in the right-hand side of (5) consists
of the following terms:

∂ϕ

∂x(t + N)
δx(t + N) +

t+N−1∑
k=t

{
∂H

∂x(k)
δx(k)

+
∂

(
λT(k + 1)E(x(k))x(k + 1)

)
∂x(k)

δx(k)

+
∂

(
λT(k + 1)E(x(k))x(k + 1)

)
∂x(k + 1)

δx(k + 1)

}
. (6)

Here, note that the following relation is useful to rewrite (6)
as a linear combination with respect toδx(k).

t+N−1∑
k=t

−λT(k + 1)E (x(k)) δx(k + 1)

= −λT(t + N)E (x(t + N − 1)) δx(t + N)

−
t+N−2∑

k=t

λT(k + 1)E (x(k)) δx(k + 1)

= −λT(t + N)E (x(t + N − 1)) δx(t + N)

−
t+N−1∑
k=t+1

λT(k)E (x(k − 1)) δx(k) (7)

Note that we setδx(t) = 0 in (7) becauseδx(k) at k = t
is fixed as the current state. Taking the above relation into
account, we obtain the variation in̄J as

δJ̄ =
t+N−1∑

k=t

δλT(k + 1) {F (x(k), u(k)) − E (x(k))x(k + 1)}

+
{

∂φ

∂x(t + N)
− λT(t + N)E (x(t + N − 1))

}
δx(t + N)

+
t+N−1∑
k=t+1

[
∂H

∂x(k)
− λT(k + 1)

∂ {E (x(k))x(k + 1)}
∂x(k)

−λT(k)E (x(k − 1))
]

δx(k) +
t+N−1∑

k=t

∂H

∂u(k)
δu(k) (8)



On the basis of the variational principle, we obtain the
necessary conditions for a stationary value ofJ̄ over the
horizon (t ≤ k ≤ t + N) as follows.

E (x(k))x(k + 1) = F (x(k), u(k)) (9a)

λT(t + N)E (x(t + N − 1)) =
∂φ (x(t + N))

∂x(t + N)
(9b)

λT(k)E (x(k − 1)) =
∂H (x(k), λ(k + 1), u(k))

∂x(k)

− λT(k + 1)
∂ {E (x(k))x(k + 1)}

∂x(k)
(9c)

∂H (x(k), λ(k + 1), u(k))
∂u(k)

= 0 (9d)

Note that if E (x(k)) = I, then the obtained stationary
conditions (9) can be reduced to the well-known Euler–
Lagrange equations [2]. Hence, we see that the stationary
conditions (9) are natural extensions to the Euler–Lagrange
equations. Accordingly, we call the stationary conditions (9)
the generalized Euler–Lagrange equations.

Now, we can state the following theorem.
Theorem 1:The generalized Euler–Lagrange equations

(9) must be satisfied for the performance index in (2) to
be minimized subject to system equation (1).

Remark 1:Motivated by the fact that the cooling pro-
cess of a hot strip mill [6] is governed by a nonlin-
ear diffusion equation and its discretized equation with
finite difference approximation belongs to a class of high-
dimensional nonlinear implicit system (1), we consider the
receding horizon control problem of system (1). In fact,
it is meaningful to derive the stationary conditions (9)
whicheverdet E (x(k)) = 0 or not. WhendetE (x(k)) 6= 0,
implicit system (1) can be reduced to the explicit system
as x(t + 1) = F̂ (x(t), u(t)), where F̂ (x(t), u(t)) =
E−1 (x(t))F (x(t), u(t)). As the aforementioned example,
in the case whereE (x(k)) has high dimensionality and
complex nonlinearity, it is extremely difficult to calculate
the Jacobian matrix of̂F (x(t), u(t)) for deriving the Euler–
Lagrange equations, becauseF̂ (x(t), u(t)) contains the in-
verse ofE (x(k)). It is important to note that the generalized
Euler–Lagrange equations enable us to avoid this difficulty.

The remainder of this section is devoted to a brief descrip-
tion of the algorithm for numerically solving the generalized
Euler–Lagrange equations (9).

Let U(t) ∈ RnN be defined by

U(t) := [uT(t), uT(t + 1), · · · , uT(t + N − 1)]T.

For a given initial optimal solutionU(t) and the present state
x(t), we first determine the state over the prediction horizon
by using (9a), that is,x(k) for k = t, t + 1, · · · , t + N is
calculated recursively fromk = t to k = t+N by (9a). Next,
the terminal costateλ(t+N) is determined from the obtained
terminal statex(t + N) by (9b). Consequently, the costate
over the prediction horizon is also determined by using (9c),
that is,λ(k) for k = t+1, · · · , t+N is calculated recursively
from k = t+N to k = t+1 by (9c). Figure 1 shows that the

procedure for solving the equation ofx is forward, whereas
the one for solving the equation ofλ is backward.

-
k

t t + N

-
�

x(k)

λ(k)

Fig. 1. Procedure used for obtaining numerical solutions.

Becausex(k) and λ(k) for k = t, t + 1, · · · , t + N
are determined byU(t) and x(t) through (9a)-(9c), the
remaining conditions (9d) fork = t, t+1, · · · , t+N can be
regarded as a single equation,

D (U(t), x(t), t) :=


∂H(x(t),λ(t+1),u(t))

∂u(t)
∂H(x(t+1),λ(t+2),u(t+1))

∂u(t+1)

...
∂H(x(t+N−1),λ(t+N),u(t+N−1))

∂u(t+N−1)


(10)

Becausex(k) and λ(k) are uniquely determined through
(9a)-(9c) for givenU(t) and x(t), x(k) and λ(k) depend
on U(t) and x(t). Hence, it is reasonable to consider the
arguments ofD asU(t), x(t), t.

For given U(t) and x(t), D is not necessarily equal to
zero, so‖D‖ is used to evaluate the optimality performance.
If ‖D‖ = 0 is satisfied for the givenU(t) andx(t), then the
stationary conditions are satisfied. Several algorithms have
been developed such that‖D‖ can be decreased by suitably
updatingU(t), as discussed below.

A conventional way to updateU(t) is to replaceU(t) with
U(t) + αs, known as the steepest descent method, wheres
is the steepest descent direction andα is the step length
satisfying the Armijo condition [9]. For Newton’s method,s
is given by the Hessian instead of the gradient. However,
these methods are computationally expensive, and it was
shown that the C/GMRES algorithm [2] is not only faster
but also more numerically robust than these conventional al-
gorithms. Next, a brief description of the C/GMRES method
applied to this problem is provided. Instead of solving
D(U(t), x(t), t) = 0 itself at each time by an iterative
method such as the steepest descent method or Newton’s
method, we find the derivative ofU(t) with respect to time
so thatD(U(t), x(t), t) = 0 is satisfied identically. Namely
we determineU̇(t) such that

Ḋ (U(t), x(t), t) = −ξD (U(t), x(t), t) (11)

is satisfied, whereξ is a positive constant introduced to
stabilize D = 0. If we choose ξ = 1/∆t, then the
stability of (11) with forward difference approximation is
guaranteed [2], where∆t denotes the sampling period. By
total differentiation, we obtain

∂D

∂U(t)
U̇(t) = −ξD − ∂D

∂x(t)
ẋ(t) − ∂D

∂t
. (12)

This equation can be regarded as a linear algebraic equation
with the coefficient matrix(∂D/∂U(t)), which can be used



to determineU̇(t) for the given U(t), x(t), ẋ(t), and t.
Then, if the Jacobian(∂D/∂U) is nonsingular, we obtain
the following differential equation forU(t):

U̇(t) =
(

∂D

∂U(t)

)−1 (
−ξD − ∂D

∂x(t)
ẋ(t) − ∂D

∂t

)
. (13)

We can update the solutionU(t) of D(U(t), x(t), t) = 0
without using an iterative optimization method by integrating
(13) in real time as, for example,U(t+∆t) = U(t)+U̇(t)∆t.
This approach is a type of continuation method [10] in the
sense that the solution curveU(t) is traced by integrating
a differential equation. From the computational viewpoint,
the differential equation (13) still involves expensive opera-
tions, i.e., solving the Jacobians(∂D/∂U(t)), (∂D/∂x(t)),
and (∂D/∂t) and linear algebraic equation associated with
(∂D/∂U)−1. To reduce the computational cost of the Jaco-
bians and linear equation, we employ two techniques: the
forward difference approximation for the products of the
Jacobians and vectors and the GMRES method [11] for
the linear algebraic equation. Using the forward difference
approximation, we can obtain a linear equation with respect
to U̇ . Thereafter, we can apply the GMRES algorithm to
find the solutionU̇(t) of the linear equation. Consequently,
U can be updated so thatD = 0 is stabilized. More
detailed information about the implementation of C/GMRES
is provided in [2].

Recently, we have developed a more efficient algorithm
than C/GMRES, called the contraction mapping method
[3]. In particular, we have proposed an algorithm for
solving D(U(t), x(t), t) = 0 under the assumption that
D(U(t), x(t), t) satisfies a particular structural condition
with respect toU . Compared with the C/GMRES method, the
contraction mapping method has the disadvantage of limited
applicability but the advantage of a smaller computational
burden. More detailed information about the implementation
of contraction mapping method is provided in [3].

IV. STABILITY OF CLOSED-LOOP SYSTEMS

In this section, we consider the regularity (existence and
uniqueness) of the solution of system equation (1) and the
stability of the closed-loop system with receding horizon
control. In the case whereE (x(t)) is nonsingular for all
x(t), the existence and uniqueness of the solution can be
guaranteed and the stability condition of the closed-loop
system with receding horizon control has been established
[1]. In this section, therefore, we consider the case of
det E (x(t)) = 0.

It is known that the regularity of the solution is effected
by the rank ofE (x(t)) [4]. Thus, it is difficult to analyze
the solution of system (1) for the case whererankE (x(t))
varies with x(t). To avoid this difficulty, we impose the
following assumption.

Assumption 1:There exist nonsingular matricesP,Q ∈

Rn×n such that

E (x(t)) = P

[
Ê (x(t)) 0

0 0

]
Q, (14)

det Ê (x(t)) 6= 0, (15)

P−1F (x(t), u(t)) =
[

G (x(t), u(t))
R (x(t))

]
, (16)

are satisfied for allx(t), where Ê (x(t)) : Rn → Rr×r,
G (x(t), u(t)) : Rn × Rm → Rr, R (x(t)) : Rn → R(n−r).
Let w ∈ Rr andz ∈ R(n−r) be defined by[

w(t)
z(t)

]
:= Qx(t). (17)

Accordingly, let Ê (x(t)), G (x(t), u(t)), and R (x(t)) be
replaced with Ê (w(t), z(t)) : Rr × R(n−r) → Rr×r,
G (w(t), z(t), u(t)) : Rr × R(n−r) × Rm → Rr, and
R (w(t), z(t)) : Rr × R(n−r) → R(n−r), respectively.

Under Assumption 1, we can rewrite system (1) as the
following form:[

Ê (w(t), z(t))w(t + 1)
0

]
=

[
G (w(t), z(t), u(t))

R (w(t), z(t))

]
(18)

Remark 2:Assumption 1 implies that the system can be
divided into the dynamical equation and the static constraint
as shown in (18) and its structure doesn’t vary withx(t).
Hence, there is a limitation on the variability of algebraic
constraints imposed on the system. However, there many
constrained systems that satisfy Assumption 1 in mechanical
and electrical systems.

Next, the following assumption is imposed to guarantee
the regularity of the solution.

Assumption 2:The Jacobian matrix∂R(w, z)/∂z is non-
singular for allw(t), z(t).
Here, we state the following theorem.

Theorem 2:Suppose that Assumptions 1-2 are satisfied.
Then, there exists the unique solution of system (1).

Proof: Note that the regularity of solution of system (1)
is equivalent to the one of system (18), becauseQ in (17) is
assumed to be nonsingular. Considerx and y of f(x, y) in
Lemma 2 asx = w andy = z, respectively. For givenw(t),
it is obvious from Lemma 2 that there exists the unique
solution z(t) = g (w(t)) satisfyingR (w(t), g(w(t))) = 0.
Consequently,w(t + 1) can be uniquely determined by
Ê−1G (w(t), g(w(t)), u(t)). Likewise, for givenw(t+1), we
can uniquely determinez(t + 1) using Lemma 2. Repeating
this procedure, we can conclude that system (18) has a
unique solution. This completes the proof.

Assumption 3:G(0, 0, 0) = 0 and z = g(0) = 0 at x =
0, u = 0, i.e., the origin ofw andz is the equilibrium point.
Hereafter, we consider the stability of the closed-loop system
with receding horizon control.



Let X(t) ∈ Rn(N+1) andΛ(t) ∈ RnN be defined by

X(t) :=


x(t)

x(t + 1)
...

x(t + N)

 , Λ(t) :=


λ(t + 1)
λ(t + 1)

...
λ(t + N)

 . (19)

Let U∗(t) denote the sequence of the optimal control input
over the prediction horizon defined by

U∗(t) :=

 u∗(t)
...

u∗(t + N − 1)


:= arg min

U(t)
J (X(t), U(t)) subject to (1). (20)

Likewise, X∗(t) and Λ∗(t) denote the optimal state and
costate sequence of the closed-loop system over the predic-
tion horizon usingU∗(t), respectively.

Assumption 4:There exists the unique solutionX∗(t),
Λ∗(t), and U∗(t) that satisfy generalized Euler–Lagrange
equations (9).
Let a functionV (x(t)) : Rn → R+ be defined by

V (x(t)) := J (X∗(t), U∗(t)) . (21)

Let Û∗(t + 1) be defined by

Û∗(t + 1) :=


u∗(t + 1)

...
u∗(t + N − 1)

u(t + N)

 . (22)

Therein, the final optimal control inputu∗(t+N) is replaced
with any feasible control inputu(t + N). Accordingly, let
X̂∗(t + 1) be the state sequence of the closed-loop system
using Û∗(t + 1).

Here, we introduce the well-known standard assumption
for the stability analysis of the receding horizon control
system.

Assumption 5:There exists a functionα ∈ K∞ such that

V (x(t)) ≤ α (‖x(t)‖) (23)

is satisfied for allt ∈ Z+.
Note that if there exists a positive constantρ such that

‖u∗(t)‖ ≤ ρ ‖x(t)‖

is satisfied for allt ∈ Z+, then Assumption 5 is satisfied.
Thereby, Assumption 5 is called the weak controllability
assumption [1].

Here, we provide the stability criteria for the closed-loop
system using the receding horizon control.

Theorem 3:Under Assumptions 1–5, the closed-loop sys-
tem using receding horizon control inputU∗(t) is asymptot-
ically stable at the origin if there existsu(t) such that the
following inequality is satisfied for allt ∈ Z+.

φ (x(t + 1)) − φ (x(t)) ≤ −L (x(t), u(t)) (24)

Proof: Because of Assumption 2,z(t) andx(t) can be
given by

z(t) = g (w(t)) ,

x(t) = Q−1

[
w(t)

g (w(t))

]
:= h (w(t))

Here, we consider the explicit system in (18).

w(t + 1) = Ĝ (w(t), u(t)) , (25)

whereĜ (w(t), u(t)) is given by

Ĝ (w(t), u(t)) := Ê−1G (w(t), g(w(t)), u(t)) .

For system (25), we can apply Lemma 1 as shown be-
low. Let V̂ , φ̂, L̂ be given by V̂ (w(t)) = V (h(w(t))),
φ̂ (w(t)) = φ (h(w(t))), L̂ (w(t), u(t)) = L (h(w(t)), u(t)),
respectively. Now, using the relation

J (X∗(t + 1), U∗(t + 1)) ≤ J
(
X̂∗(t + 1), Û∗(t + 1)

)
(26)

we have the following:

V̂ (w(t + 1)) =
t+N∑

k=t+1

L (x∗(k), u∗(k)) + φ (x∗(t + N + 1))

≤
t+N−1∑
k=t+1

L (x∗(k), u∗(k)) + L (x∗(t + N), u(t + N))

+ φ (x(t + N + 1)) =: V̂ + (w(t + 1)) (27)

Let V̂ + (w(t + 1)) be defined as above. Using the above
inequality, we have the following:

V̂ (w(t + 1)) − V̂ (w(t)) ≤ V̂ + (w(t + 1)) − V̂ (w(t))
= −L (x(t), u∗(t)) + L (x∗(t + N), u(t + N))
+ φ (x(t + N + 1)) − φ (x∗(t + N)) (28)

From the assumption in Theorem 3, we can see that there
existsu(t + N) such that the following inequality holds.

φ (x(t + N + 1)) − φ (x∗(t + N))
≤ −L (x∗(t + N), u(t + N)) (29)

Substituting (29) into (28) yields

V̂ (w(t + 1)) − V̂ (w(t)) ≤ −L (x(t), u∗(t)) . (30)

Here, note that there exists a positive constantν such that
the following inequalities hold.

V̂ (w(t)) ≥ L (x(t), u∗(t))
≥ L (h(w(t)), 0)
≥ ν ‖w(t)‖ (31)

Therefore, it follows that

V̂ (w(t + 1)) − V̂ (w(t)) ≤ −ν ‖w(t)‖ . (32)



Consequently, under Assumption 5, we can see that there
exist K∞ functions α1 and α2 such that the following
inequalities are satisfied.

α1 (‖w(t)‖) ≤ V̂ (w(t)) ≤ α2 (‖w(t)‖)
V̂ (w(t + 1)) − V̂ (w(t)) ≤ −α1 (‖w(t)‖)

Hence, using Lemma 1, we can conclude thatw(t) = 0 is
asymptotically stable. Then,z(t) = 0 is also asymptotically
stable because of Assumption 3. Consequentlyx(t) = 0 is
asymptotically stable. This completes the proof.

Remark 3:The stabilization problem of nonlinear systems
usually can be reduced to finding the so-called control
Lyapunov function. Note that the difficulty of findingu(t)
satisfying inequality (24) in Theorem 3 is almost same as
the difficulty of finding the control Lyapunov functionφ.

V. I LLUSTRATIVE EXAMPLE

In this section, we provide an illustrative example to verify
the effectiveness of the proposed method. We consider RLC
network circuits that can be described by the Brayton–Moser
equations [7]. LetnL ∈ N and nC ∈ N denote the dimen-
sions of circuit systems. LetiL ∈ RnL andvC ∈ RnC denote
the inductor currents and capacitor voltages, respectively.
Let the statex ∈ Rn be defined byx := [iTL, vT

C ]T, where
n = nL + nC . Let u ∈ Rm denote the controlled voltage
inputs. A discretized Brayton–Moser equation can be written
as system model (1), whereE (x(t)) andF (x(t), u(t)) are
given by

E =
[

A (iL(t)) 0
0 C (vC(t))

]

F =

 A (iL(t)) iL(t) + ∆t
(

∂W (iL,vC)
∂iL

)T

C (vC(t)) vC(t) − ∆t
(

∂W (iL,vC)
∂vC

)T

+ Bu


Therein, A (iL(t)) ∈ RnL×nL and C (vC(t)) ∈ RnC×nC

denote the inductance and capacitance matrices, respectively,
both assumed to be positive definite.W (iL, vC) : RnL ×
RnC → R is a scalar function called the mixed potential
function. ∆t ∈ R+ and B ∈ RnC×m denote the sampling
time and input coefficient, respectively.

For sufficiently largen, it is impossible to compute the Ja-
cobian matrix ofE−1 (x(t))F (x(t), u(t)), even if we utilize
a symbolic math software such as Mathematica and Maple.
In this case, the generalized Euler–Lagrange equations in (9)
are useful to avoid this difficulty. However, we focus on the
simplified model and provide easy simulation results. Here,
we set system parameters as follow:nL = nC = m =
B = 1,∆t = 0.1, L(iL) = 1 + i2L, C(vC) = 1 + v2

C ,
W (iL, vC) = iLvC . Also, we consider performance index
(2), whereφ and L are given byφ := 0.5x2

1 + 5x2
2 and

L := 0.5(x2
1 + x2

2 + u2), respectively.
Figure 2 shows the free response of the states for the

open-loop system without control inputs. In contrast, Fig. 3
shows the time response of the states for the closed-loop
system with receding horizon control. This figure reveals that

the states converge to zero and the system is asymptotically
stable. The effectiveness of the proposed method was verified
by numerical simulations.
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Fig. 2. Free response ofx(t) with-
out control inputs.
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Fig. 3. Time response ofx(t) with
receding horizon control.

VI. CONCLUSION

In this study, we provided a methodology to design a re-
ceding horizon controller for a generalized class of discrete-
time nonlinear implicit systems. This method is advantageous
for its applicability to a wide class of nonlinear implicit
systems. For the optimal control problem, we derived the
generalized Euler–Lagrange equations that must be satisfied
for a performance index to be minimized. Moreover, we
provided a brief description of numerical algorithms for
solving the generalized Euler–Lagrange equations. For the
stabilization problem, we established the stability criteria
for the closed-loop nonlinear implicit systems with receding
horizon control. Finally, we verified the effectiveness of the
proposed method by numerical simulations.
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